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Fatigue Lifetime Estimation of Structures
Subjected to Dynamic Loading

D. De Vis,* R. Snoeys, and P. Sasi
Katholicke Universiteit Leuven, Heverlee, Belgium

Because fatigue is a typical dynamic phenomenon, a procedure is developed to estimate the lifetime of a struc-
ture, based on its dynamic characteristics. By means of modal analysis, a structure can be described by its modal
parameters: mode shapes, natural frequencies, and damping values. Using a finite-element model, the modal
stress-strain distribution of part of or an entire structure can be calculated. When the applied dynamic forces are
known, combination of the modal strains yields the strain response of the structure. A stress-strain simulation
controlled by Neuber’s rule accounts for stress concentrations. A counting algorithm based on closed hysteresis
loops divides the stress-strain history into single reversals. An appropriate damage rule is used to find the
damage of one loading sequence. Finally, the lifetime is found from the number of loading sequences that can be

applied to satisfy the failure criterion.

Introduction

ANY machines and structures fail as a result of metal
fatigue. Fatigue is one of the most prevalent and dif-
ficult failure modes in fatigue design. This difficulty and
uncertainty results in part because commonly used methods of
analyzing fatigue are inaccurate and inadequate. Classical ap-
proaches are based on static stresses and strains. Fatigue prob-
lems, however, are caused by dynamic loading. The amplitude
of these dynamic deformations is dominated by damping,
while static deformations are controlled only by the structural
stiffness. Particularly for lightly damped structures, the
dynamic stiffness can be much smaller than the static stiffness.
A factor of 50 to 100 is not unusual.! Therefore, it is impor-
tant to include the dynamic behavior in lifetime calculations.
The dynamic behavior of a structure can be determined us-
ing experimental modal analysis. In the present paper, we
will explain how the strain response of this structure can be
computed when the applied forces are known. Since fatigue
is a localized phenomenon, attention is focused on the
regions of a component where failure is likely to initiate. In
order to account for local stress concentrations, a link is
made between nominal and local strain sequences. A lifetime
prediction procedure based on a stress-strain simulation, us-
ing the cyclic stress-strain curve, and the fatigue
characteristics of the material yields the lifetime of the struc-
ture. If the calculated lifetime is not acceptable, different
redesign options can be taken: material choice, changing ex-
ternal dynamic loads, or modifying the dynamic behavior.
Depending on the boundary conditions of the design, some
of these options may require more effort than others. For
example, sensitivity analysis and modal synthesis techniques?
will provide the optimal structural modifications and the new
dynamic characteristics. A new lifetime calculation can then
be started without further experimental testing or prototype
construction. (See Fig. 1.%)

Fatigue and reliability tests of components, subassemblies,
and complete structures are, and will continue to be,
necessary, in order to confirm experimentally that a given
design is adequate. Whenever possible, the intent should be

Received April 4, 1985; revision received Sept. 27, 1985.
Copyright © American Institute of Aeronautics and Astronautics,
Inc., 1985. All rights reserved.

*Research Fellow, Department of Mechanical Engineering; cur-
rently at Leuven Measurement and Systems.

tProfessor, Department of Mechanical Engineering.

tResearch Associate, Belgian Funds of Scientific Research
(NFWO).

to use these tests for design validation and not for design
development. In particular, the very expensive practice of
iterative testing, in which a component is designed and
tested, and redesigned and retested, until an-adequate solu-
tion is obtained, can frequently be avoided if more ap-
propriate analytical techniques are used.

Modal Description of the Structural Dynamics

The relation between the response of a linear system and
the applied dynamic loads can be written in terms of the
following frequency-response function matrix*:

{XUw) ) =[H(w) ] {F(Uw)) )

where {X(jw)} is the vector containing the Fourier trans-
form of responses, {F(jw)} the vector containing the
Fourier transform of applied forces, and [H(jw)] the
matrix of measured frequency-response functions. In
general, only a few rows or columns of the matrix H are
measured, so that H is not square. By means of curve-fitting
algorithms, we identify the different modes by their modal
parameters: mode shape, natural frequency, and damping
value. Equation (1) is now rewritten in terms of its modal
parameters:

N .
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where
L) =response and excitation points, respectively
k =mode number
N =number of modes
{X},{F} =response and force vectors, respectively
Uik =real part of modal displacement for mode &
of point I for excitation in point J
Vi =imaginary part of modal displacement for
mode k of point I for excitation in point J
Uy =damped natural frequency for mode k
U =damping value for mode k.

As mentioned previously, only a limited number of input
points are used during the analysis. Under normal working
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conditions, the structure will not necessarily be loaded at
these points. Therefore, we must calculate the modal
displacement for excitation in the loaded points, so that the
frequency-response matrix elements to be multiplied by a
nonzero force are known. This can easily be done when the
following conditions are met: 1) the direct frequency-
response functions are known, and 2) points that are loaded
under normal operation are contained in the set of measure-
ment points.

When J is the excitation point, the modal displacement of
point I for the mode k can be written as

Ui +5 V1

The modal displacement of point I for mode k£ and input
point L can then be calculated, using the eigenvector expres-
sion for the modal displacements:
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where @, can be chosen arbitrarily since eigenvectors are only
defined as a direction in the state space and have no absolute
magnitude. Using Eq. (3), the transfer function matrix can
be made square. Dynamic loads can then be applied to all
measurement points on the structure and the response vector
in the frequency domain can be computed. The response in
the time domain is found by the inverse Fourier transform
of Eq. (2). The theory reviewed above is valid for what-
ever physical quantity (displacement, speeds, accelerations,
strains, etc.) are measured, as long as the response is related
to the input on a linear basis. Since it is a rather difficult
task to measure the strain history directly, an alternative
computation method was developed.

Modal Strains and Strain History

The knowledge of the strain history at the critical points is
essential for the lifetime estimation of structures subjected to
dynamic loading. This section describes a procedure to
generate these strain histories, starting from a known
dynamic force, and the modal strains, eigenvectors, and
measured mode shapes. Eigenvectors only define a direction
in the state space and have no amplitude. Experimental
mode shapes have a physical meaning and amplitude; for ex-
ample, for a force input of xN in point A we obtain an ac-
celeration of y m/s? in point B.

Modal strains are defined as the strains measured at the
different response points on the structure, when the structure
is excited at resonance frequency. As mentioned previously,
carrying out a modal analysis with strain gages is a rather
time-consuming task. Therefore, we preferred to calculate
rather than measure the modal strains. This allows a classical
modal analysis, using input forces and response accelera-
tions. The modal accelerations can be scaled to modal defor-
mations through division by the squared resonance pulsa-
tion. It is clear that, similar to modal deformations, modal
strains will depend on both the input and response points.
From the basic assumption of modal analysis there is a linear
relationship between input and output. The strain responses
to be calculated are linearly related to the applied forces,
while, in reality, local plastic yielding often causes nonlinear
effects. These nonlinearities will be accounted for in a sec-
ond step by using a cyclic stress-strain relationship and
Neuber’s rule, as explained in the next section.

Modal strains can be calculated in different ways. One
method consists of postulating an analytical function for the
deflections and fitting it to the experimentally determined
mode shapes. The modal strains then result directly from the
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theory of elasticity. This method was implemented at the
Katholicke Universiteit Leuven (K.U.L.) for beam-like struc-
tures. The bending modes are approximated by a set of or-
thogonal polynomials, using a least-squares algorithm. The
order of the polynomials is automatically determined by
analyzing the least-squares error evolution for increasing
order. Second-order derivation and multiplying by the
distance to the neutral axis yields the strain. The advantage
of this method is speed. On the other hand, for complex
structures, it may be rather cumbersome and difficult to find
an analytical expression for the mode shape. Another prob-
lem is that numerical differentiation is a highly unstable pro-
cess, therefore, results must be interpreted with care.

A more general approach uses a static finite-element
model. Basically, the mode shape is imposed as a static
deformation pattern to compute the modal strains. Rota-
tional degrees of freedom remain free.

The approach used at the K.U.L. differs slightly (see Fig.
2); due to the lack of a finite-element program that allows
imposing a deformation pattern, a dynamic finite-element
model was used to compute the eigenvectors.’ Once these are
known, stress calculations are carried out to find the modal
stresses and strains. The analytical eigenvectors are com-
pared to the experimental mode shapes with the modal
assurance criterion.® The modal scale factor, which expresses
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the ratio between the experimental and analytical amplitudes
of the mode shapes, is used to scale the calculated strains.

Another possible approach calculates the inertia forces at
the resonance frequency. Applying those to a static model
should yield a deflection very close to the mode shape, so
that modal strains can be computed.

All of the calculation procedures mentioned above have
the common advantage of reducing measurement errors by
smoothing the mode shape in one way or another. Moreover,
it becomes possible to estimate modal strains in points that
were not measured originally.

Once the modal strains are known, it is possible to rewrite
Eq. (2) in terms of modal strains. {X} then defines the strain
response in the frequency domain. The inverse Fourier
transform of Eq. (2) yields the following strain histories’:

;N
{x(0)} = So E § ISk +J T dexpl (uy +jug)r]
k=1
+ (S = T Jexo [ (u —juyr] Y (2 —r) Jdr “)

with S|, + 7T\, the modal strain in point I, input point J for
mode k.

In order to eliminate the repeated calculation of the modal
strains and exponentials, Eq. (4) can be rewritten as

N i
(x(01=2 Y (S || e (cosnn) (71— 1ar
k=1
N t
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If we define the vector of response functions for mode & as

t

(Re0) = | el +imonve-ma  ©

then Eq. (5) can be written as
N
(x(0)=2 Y ([SIRe{R (1)) = [Ty 1Im(R, (D)) (7
k=1

Equations (6) and (7) allow us to compute the strain history
_ in each measured point, or in intermediate points, with a cer-
tain precaution. This computation algorithm is much faster
than the straightforward approach of computing the
responses in the frequency domain explicitly and performing
an inverse fast Fourier transform (FFT) to obtain the time-
domain histories. Figure 3 shows the calculated strain
response of a point on a T plate, due to a hammer impact.

The strain histories are linear combinations of the modal
strains, with the response functions as weighting functions,
as long as no plastic yielding occurs. Figure 3 clearly shows
the different modes in the time response. It will be clear that,
due to the method used to obtain the modal strains, the
resulting strain histories are so-called nominal strains. It was
also assumed that the deformation remained completely
elastic. At this point no information is available relative to
the local high strains that may occur at points of stress con-
centration. Since cracks will originate at points of stress con-
centration, it is of major importance to evaluate those local
strain histories. Local stains could be evaluated using a
finite-element model with many nodal points in the critical
areas, in combination with a curve expressing the elastic-
plastic stress-strain relationship during cyclic loading. These
sophisticated models require a sizable amount of computa-
tion time, as well as a powerful computer. The next section
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Fig. 4 Cyclic stress-strain curve determined from a set of stable
hysteresis loops.

describes a cheaper link between the nominal deformation
and the local strains and stresses.

Stress-Strain Simulation

Fatigue problems in a dynamically loaded mechanical
structure arise at stress concentrations. The gross deflections
of the structure are related to the applied loads in a linear
elastic manner. In other words, there is no general yielding,
but plastic strains may occur at the critical locations. Fur-
thermore, at those points of stress or strain concentration,
the stress-strain path will not follow the monotonic stress-
strain curve but will describe closed hysteresis loops. In this
section, we will describe how the local stress-strain histories
can be derived from the nominal strain sequence using the
cyclic stress-strain curve and Neuber’s rule.

During a constant-amplitude, controlled strain test, after
the initial rapid hardening or softening is complete, a stable
stress-strain hysteresis loop is formed. If loops from tests at
several different strain levels are plotted on the same axes,
the cyclic stress-strain curve is defined by the locus of the
loop tips (Fig. 4). If a log-log plot is made of stress vs plastic
strain, a straight line results, implying a mathematical rela-
tionship for the total strain®:

€= (0,/E) + (a,/A)'/s 8)

where A4 and s are material properties.
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During cyclic loading the material does not follow the
cyclic stress-strain curve as a loading path in the same sense
as a monotonic stress-strain curve. Rather, hysteresis loop
curves such as DJHID in Fig. 4 are formed. When hysteresis
loops are drawn on shifted axes, so that their compressive
tips coincide, the tensile tips of the loops must coincide with
the cyclic stress-strain curve expanded by a factor of 2.
Thus, a stable hysteresis loop trace for a given metal follows
a curve which may be mathematically described by expand-
ing the cyclic stress-strain curve by a factor of 2 and shifting
its origin. For hysteresis loop curves during increasing strain,
the following equation applies®:

€—¢, 0—0, og—0,\1/s
f= ’+ r 9
= () ®

where (o,¢) are instantaneous stress and strain, and (0,.€,)
are the coordinates of the previous point of strain reversal.
By appropriate sign changes, a similar equation is obtained
for hysteresis loop curves during decreasing strain:

€,—€ 0,—0 (a,—o)l/S
= + 10
2 2E 24 (10)

For an irregular strain history, a set of closed stress-strain
hysteresis loops is formed. A closed hysteresis loop may be
temporarily interrupted while one or more smaller closed
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loops are completed. For example, in Fig. 5b, which is the
local stress-strain simulation, corresponding to the nominal
strain sequence in Fig. Sa, the loop corresponding to strain
excursion B-E is interrupted by smaller loops corresponding
to strain excursions C-D and F-I, with the latter being inter-
rupted by an even smaller loop, G-H. This phenomenon is
called memory. This memory effect can be characterized in a
general manner by two rules: 1) The next time the strain
reaches a value at which the straining direction was previ-
ously reversed, a hysteresis loop is closed. 2) As soon as a
strain excursion forms a closed loop, this excursion does not
affect the subsequent behavior; the stress-strain path beyond
this point is the same as if the direction of straining had not
been reversed.

In the previous paragraphs, a philosophy to calculate the
shape of the hysteresis loops was explained. The only missing
link is a relationship between the nominal elastic strains and
the local (possibly plastic) strains occurring at a stress con-
centration. This relationship is given by Neuber’s rule.® He
postulated that during local plastic deformation the geomet-
ric mean of stress and strain concentration factors (k, and
k) remains equal to the elastic stress concentration factor
k,:

Vi k. =k, 1)

As long as the gross deformation remains elastic, the follow-
ing form results:

VAcAeE =k,AS 12)

where AS is the nominal stress range, which is equal to the
nominal strain range times the elastic modulus E. The pro-
duct of local stress (Ao) and strain (Ae) is a constant for a
given stress concentration factor (k,) and a known nominal
strain variation. In a stress-strain plot, Neuber’s rule defines
a hyperbola.

A computer program was developed to simulate the local
stress-strain path starting from a nominal strain history
which was obtained as explained in the preceding sections
(see Fig. 6).

Figure 5 has already illustrated the principle of the calcula-
tion. In Fig. 5, however, the stress concentration factor was
largely exaggerated, so that the different reversals could be
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Fig. 6 Local stress-strain simulation and individual cycle
definitions.
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Fig. 7 Local stress and strain, derived from the nominal strain in
Fig. 3.

seen as wide hysteresis loops. The strain history of Fig. 3 was
analyzed following the same procedure, but with a realistic
stress concentration factor. The plot in Fig. 7 shows that
only a few, still narrow, loops occur. Most of the reversals
remain in the elastic region and coincide in the center of the
plot. The software automatically provides these plots during
the analysis for visual inspection of the degree of plasticity
for the particular location.

This method of separating individual cycles by means of
closed hysteresis loops is clearly very similar to the Rainflow
counting algorithm. For more details concerning methods of
fatigue-life prediction we refer to the literature where ex-
cellent reviews of the subject can be found (see Refs. 11-14).

Damage Calculation and Cumulation

At this stage, a critical strain history was divided into
several closed hysteresis loops. Each of the individual
hysteresis loops is completely characterized: both the stress
and strain amplitude and mean values are known. Due to the
memory effect, these loops can be regarded as completely
separate events. This allows us to compute the damage of
each loop separately. Summing these damages individually
yields the total damage due to the analyzed sequence,
resulting in the lifetime of the structure in terms of the
number of sequences analyzed. This information easily yields
the lifetime in physical units, i.e., hours of operation,
kilometers driven, etc.

Damage for a single hysteresis loop is estimated by means
of a lifetime curve. The analytical representation of this
strain-life curve is expressed by the following equation!®:

Ae of
- = Ef (2N})? +¢/ (2N, (13)
where
Ae/2  =strain amplitude
E = elastic modulus
o/ ./ = fatigue strength and ductility coefficients,
respectively
b,c =fatigue strength and ductility exponents,
respectively
Ny =reversals to failure

In this representation, the strain-cycling resistance of a
material is viewed as the sum of its elastic (governed by
strength) and plastic (governed by ductility) strain resistance
(Fig. 8). It is completely determined by four additional
material constants, which make it possible to set up a
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material fatigue data base with a very limited amount of
numbers.

Material lifetime curves are measured for completely
reversed stress or strain cycles. A reversal with a tensile mean
stress will open an initial microcrack further than a reversal
having the same amplitude, but a zero or compressive mean
stress. If the mean stress is tensile, the N; value must be
decreased to reflect the detrimental effect of a tensile mean
stress.

If we use the lifetime curve defined by Eq. (13), we can
make a correction in the equation for nonzero mean stresses.
Mean stresses are not important when large plastic strains
occur because the material accommodates by plastic defor-
mation, transferring its share of the mean load to the sur-
rounding elastic material. This means that only the elastic
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portion of Eq. (13) needs to be changed:

A g
%:(LEM (2N))? +¢/ (2N,)¢ (14)

The damage for each closed hysteresis loop can then be
evaluated. The total damage is given by the linear damage
accumulation rule of Palmgren-Miner:

D:Z}(NL) 15)

The total lifetime expressed as the number of applied
histories becomes 1/D.

Conclusions

The procedure based on experimental modal parameters
has the advantage of explicitly accounting for the dynamic
stiffness. To perform a modal analysis, it is not necessary to
build a complete operational prototype. Only the analyzed
substructure should be built with simulated boundary condi-
tions, while for experimentally measuring strain responses
the applied loads also must be simulated, or a complete pro-
totype operated. As a consequence, fatigue analysis can be
carried out early in the design phase.

Sensitivity analysis of the modal parameters can be of
great help when the design of a particular substructure is
unacceptable. Using modal synthesis techniques, the effect
of some structural modifications on the modal parameters
can be predicted. After adequately modifying the finite-
element model, a new analysis can be carried out without re-
quiring reconstruction of a prototype. In this way, the
iterative testing and redesigning will become largely a
numerical process rather than an expensive experiment.

Modal parameters (mode shapes, natural frequencies, and
damping values) describe the dynamic behavior of a struc-
ture completely. In combination with a finite-element model
and the applied forces, the lifetime is estimated using the
material fatigue data (Fig. 9). During this analysis it is im-
portant to account for stress concentrations. This can be
done either by using a detailed finite-element model or by
applying Neuber’s rule. The amount of material data can be
kept very condensed: the modulus of elasticity, the cyclic
stress-strain curve (two parameters), and the lifetime curve
(four parameters) or a total of only seven material constants.
In addition to the modal parameters obtained experimentally
on a (substructure of a) prototype a complete geometric
description is required to build a finite-element model. The
applied forces, as a function of time, should also be known.
Information about stress concentrations should be available
in terms of a stress concentration factor.
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Experimental fatigue and reliability testing will, however,
remain necessary. Due to scatter of material properties and
some inherent limitations of Neuber’s rule, as well as
Palmgren-Miner’s rule, analytical lifetime calculations re-
main approximations.
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